A model independent discussion of ∆−production in pp → ppπ 0 is presented and the ∆−contributions to the 16 pp → ppπ 0 partial wave amplitudes are identified taking the Ds and Sd channels also into consideration.
I. INTRODUCTION
The earliest experimental studies [1] on meson production in nucleon-nucleon collisions were carried out within two decades of Yukawa's theoretical prediction [2] of the existence of mesons and within only a few years after the experimental discovery [3] of the charged and the neutral pions. Phenomenological models were used [4] to interpret the data and notations like σ 11 , σ 01 , σ 01 (np) and σ 10 (d) were used for total cross-section, where the indices referred to the initial and final isospin states of the two nucleons. The cross-sections σ(pp → ppπ 0 ) and σ(pp → dπ + ) were denoted by σ 11 and σ 10 (d), while σ 10 (np) referred to σ(pp → npπ + ) − σ 11 and σ 01 = σ(np → ppπ − ) + σ 11 (np → nnπ + ) − σ 11 . Polarization measurements have also been suggested quiet early [5] and it was noted [6] that the ratio of σ(pp → npπ + ) to σ 10 (d), appeared to be more than twice as large as predicted. The pion was assumed to be produce mainly in the p state and the partial waves were classified as Sp, SsP p and P s, where the capital symbol refers to the orbital angular momentum l f between the two nucleons in the final state and the lower case symbol refers to the orbital angular momentum l of the meson with respect to the final two nucleon system. In the case of σ(pp → ppπ 0 ), however, it may be noted that the Sp final state is ruled out as it implies total angular momentum j = 1 with positive parity, whereas the conservation of total angular momentum and parity requires the initial two proton state to be 3 S 1 or 3 D 1 violating the Pauli exclusion principle.
The construction of meson factories with intense welldefined proton beams made it possible to carry out accurate and kinematically complete cross section measurements and the advent of storage rings with electron cooled beams and windowless internal gas targets [7] opened up the near threshold region for precise experimental study. Only a few lowest partial waves are involved at threshold, which in turn limit the initial par- * Electronic address: venkataraya@gmail.com, %%@ sugiththomas@gmail.com, gwrvrm@yahoo.com tial waves l i , through the conservation of total angular momentum and parity. Total cross section measurements close to threshold for σ(pp → ppπ 0 ) [8] , σ(pp → npπ + ) [9] and σ(pp → dπ + ) [10] in the early 1990's led to disagreements with theory [11] . In particular, the total cross section for σ(pp → ppπ 0 ) was found quite surprisingly to be more than 5 times the then existing theoretical predictions [11] . This catalyzed theoretical studies [12] in model building, while advances in technology [13] employing polarized beams and polarized targets. The measurements [14] were compared with the predictions of the Julich meson exchange model [15] and were also analysed empirically using relations derived by Bilenky and Ryndin [16] for total cross sections. Some experimental measurements [17] indicated Sd and Ds contributions, which were not considered earlier [14] . We may also refer to several reviews [18] .
Empirical formulae were derived [19] for N N → N N π cross section at the double differential level, which on integration led to the earlier result of [16] for total cross section. It was also shown [20] that it is possible to partition empirically the differential cross section into the four contributions from the initial singlet |0, 0 and triplet |1, m , m = ±1, 0 spin states employing the technological capabilities at the PINTEX facility and theoretical studies using effective field theory.
Kinematically complete measurements of spin observables in polarized beam and polarized target experiments were reported on neutral [21] and charged [22] pion production. The Julich model [15] was found to be more successful with less complete data [22] on p p → dπ + and p p → npπ + than with the more complete set of spin observables [21] reported in the case of p p → ppπ 0 . In their reviews [18] Moskal et.al., and Hanhart have both remarked that apart from rare cases, it is difficult to extract particular piece of information from the data.
The model independent approach [19, 20] based on irreducible tensor techniques [23] has been employed [24] to analyse the data on p p → ppπ 0 , taking into consideration all the twelve partial wave amplitudes covering the Ss, P s and P p channels but neglecting Sd and Ds following Meyer et. al. [21] . The extracted partial wave amplitudes when compared [25] with Julich model pre-dictions, revealed that i) the ∆ degree of freedom is important for quantitative understanding of the reaction pp → ppπ 0 , ii) the discrepancy between the empirical and model estimates was maximum in 3 P 1 → 3 P 0 p and to a lesser extent in 3 F 3 → 3 P 2 p and iii) a need possibly to include higher partial waves as well. One of the short-comings of [25] was [26] that the phase ambiguity of the threshold Ss amplitude was assumed to be the same as that of the leading P s amplitudes from initial 1 S 0 . It was shown in [26] , how this phase ambiguity can be overcome by treating the final state spin observables in pp → p pπ 0 with initially unpolarized protons.
The importance of ∆ contribution have also been noted in several earlier studies [27] . In fact, N N → N ∆ has a rich spin structure [28] . Of the sixteen amplitudes associated with N N → N ∆, as many as ten are second rank tensors [29] . Augar et.al., [30] have suggested amplitude determination from measurements on spin observables. The measurement of analyzing powers has been reported [31] with one of the colliding protons polarized in neutral pion production. The charged pion production was considered in [32] .
The purpose of the present paper is to focus attention on ∆ production in pp → ppπ 0 using the model independent theoretical approach [19, 20, 28] .
II. MODEL INDEPENDENT APPROACH TO ∆−PRODUCTION

A. Kinematical Considerations
Let us consider pp → p∆ + → ppπ 0 at center of mass energy E, where the colliding protons share the energy E equally and have momenta p i and −p i with p i = p ipi along the z−axis. Let us denote the energies and momenta of π 0 and the two protons in the final state as (ω, q = qq);
We use natural units c = = 1 and denote the masses of the ∆, proton and pion as M ∆ , M and m respectively. When we envisage ∆ production, the center of mass energy gets divided into
of the and a proton. Without loss of any generality, we may choose events with E 2 = E p and proceed to discuss ∆ contributions to the measured double differential crosssection for pp → ppπ 0 . For the present discussion, we may define an invariant mass W πN for the π − N system in the final state as the positive square root of
If r 1 , r 2 and r 3 denote respectively the instantaneous locations of the two protons and the pion in the final state, we may define the location of the center of mass of the π − N system through
the relative location of the pion with respect to nucleon by r = r 3 − r 1 (6) and the relative location of the proton with momentum p 2 with respect to π − N system by
From the above we have
and
From (8) and (9), the pion and nucleon momenta are given by
where µ πN = mM m+M is the reduced mass of the pion nucleon system. Adding the above two equations gives
Multiplying (10) by M and (11) by m and subtracting one from the other leads to
where
is the relative momentum between the pion and the nucleon given by
If l ′ denotes, the relative orbital angular momentum between the π 0 and the nucleon which comes out with momentum p 1 , it is clear that l ′ = 1 combines with the spin S 1 = The reaction matrix M for pp → p∆ + may be written in the form
where the irreducible spin tensor operators are defined following [23] and the corresponding tensor amplitudes M Λ µ (s, s i ) are expressible in terms of the partial wave amplitudes M j l2s;lisi , which completely take care of the dependence on c.m. energy E. We have
to describe events with W πN = M ∆ and E 2 = E p . We use the shorthand notation (18) irreducible tensor amplitudes. However, it has been noted [23] that the number of non-zero irreducible tensor amplitudes get reduced to 16. Choosing a righthanded cartesian coordinate system with the z−axis along p i and y−axis along p i × p 2 (which may be referred to as Madison frame), it follows that
−m e −2imφ Y lm (θ, φ). The irreducible tensor amplitudes are shown in Table-I , where the number n of the independent amplitudes is also shown. 
C. Isospin, Spin and Parity Considerations
When ∆ is produced, the isospin I ∆ = 3 2 of the ∆ and isospin I 2 = 1 2 of the proton can combine to give the conserved isospin
Likewise, the spin s ∆ = 
If we limit ourselves to l 2 = 0, 1 at threshold energies, we have a set of nine partial wave amplitudes M j l2s;lisi = F α , where α collectively denotes
They are serially numbered, for convenience, as F 1 , . . . F 9 which are shown in Table- 
where g 2 , . . . , g 5 are invertible linear combinations of the four partial wave amplitudes F 2 , . . . , F 5 . They are given by
likewise
where the matrices A and B are
The unpolarized differential cross-section for pp → p∆ + may be written as
The differential cross-section given by (25) may explicitly be written in terms of the nine pp → p∆ + amplitudes as
D. Final state
The three-particle final state of ppπ 0 results when ∆ + decays into a proton with momentum p 1 and pion with momentum q such that q ′ represents the relative momentum between the pion and the proton given by (14) . The relative momentum of the proton produced along with ∆ + with respect to center of mass π − N system is readily seen to be
The double differential cross-section is then given by
AMPLITUDES
To identify the connection between the pp → p∆ + amplitudes employed above and pp → ppπ 0 amplitudes used earlier [26] , we observe that the reaction matrix M for pp → ppπ 0 was written earlier in the form Table-I of [9] , where the S s , P s and P p channels were considered. Including D s and S d channels, the sixteen partial wave amplitudes are presented here in Table-III. In this scheme, the centre of mass of the two protons is given by
The above together with
leads to
The momenta of the two protons are now given by
where µ = M 2 is the reduced mass of the two-proton system. Adding the above two equations gives
Whereas subtraction leads to the relative momentum between the two protons
The unpolarized double differential cross-section was written in the form
where dΩ and dΩ f respectively denote the solid angles associated with q and p f and M denotes the reaction matrix for pp → ppπ 0 . Recalling the form (16) for pp → p∆ + , we may express M since the spins s 1 and s 2 of the two nucleons combine to give s f .
Since the spins s 1 and s 2 of the two nucleons combine to give s f . It follows from above that if s f = 0, then s can either be 0 or 1, since l ′ = 1. However, if l ′ = 1 then s must be equal to 1 only. To identify the connection between the orbital angular momentum quantum numbers l ′ and l 2 associated with pp → p∆ + , and the orbital angular momentum quantum numbers l and l f associated with pp → ppπ 0 , it is convenient to express
′ between the pion and the nucleon during the decay of ∆ + → pπ 0 can be expressed, following equations (15), (38) and (39), in terms of q and p f as
On the other hand, the momentum p 2 of the outgoing proton in pp → p∆ + can be expressed in terms of q and p f as
We may also express spherical harmonics Y lm (q) in terms of solid harmonics Y lm (q) so that Y l ′ m ′ (q ′ ) and Y l2m2 (p 2 ) may be written in the form
Using the formula [33] 
Similarly
So that
where G is a factor free from angular dependance. Re-coupling the tensor products involving spherical harmonics to bring the spherical harmonics with argumentsq ′ s andp ′ f s together and combining the two spherical harmonics with same arguments leads to
where the summation is carried out over the set of indices denoted by
and the factor F is given by
Since the decay of ∆ into pπ 0 is a p−wave, l ′ = 1. l 2 can take values 0 or 1. In particular if we take l 2 = 1 the (51) reduces to the form
with
IV. RESULTS AND CONCLUSIONS
The two Clebsch-Gordan coefficients and 9j symbol in (51) allow us to choose appropriate l and l f corresponding to given l 2 . With l 2 = 0, 1 we have a set of nine partial wave amplitudes F i with i = 1, 2, . . . , 9 for pp → p∆ + listed in Table− II which can contribute to those partial wave amplitudes f j with j = 1, 2, . . . , 16 for the reaction pp → ppπ 0 listed in Table− III which is consistent with (51).
If l 2 = 0, then only possible solution corresponds to l = 0 and l f = 1. However, if l 2 = 1, then allowed values of l and l f are i) l = 0 and l f = 0; ii) l = 1 and l f = 1 iii) l = 0 and l f = 2 iv) l = 2 and l f = 0.
Taking into consideration the spin, orbital angular momentum and the total angular momentum conservation, the connection between the two sets of partial wave amplitudes F i with i = 1, 2, . . . , 9 and f j with j = 1, 2, . . . , 16 can be established. The Table- IV given below shows the connection between the two sets of partial wave amplitudes. 1 F3 1 1 1 f9, f10, f11  2 F4, F5 1 1 1 f5, f6 , f7, f8 0 2 0 f13, f14 2 0 0 f15, f16 2 1 F6 1 1 1 f9, f10, f11 2 F7, F8 1 1 1 f5, f6, f7, f8
It is seen from Table- IV that i) Ss amplitude derive contribution from F 2 only. ii) P s amplitudes derive contributions from F 1 , F 2 , F 4 , F 5 and F 7 . iii) P p amplitudes will derives contributions from F 2 , F 8 . iv)Sd and Ds amplitudes derive contributions from F 4 and F 5 .
V. ACKNOWLEDGEMENT
One of the authors, Venkataraya thanks Dr. S. Mahadevan, Professor and Dean, Department of Sciences, Amrita Vishwa Vidyapetham, Coimbatore for his encouragement to research work. The authors thank Dr. Shilpashree S P and Venkataramana Shastri for helpful discussions.
